D0 brane (D-particle) and D1 brane actions possess first and second class constraints that result in local κ symmetry. The κ symmetry of the D-particle and the D1 brane is extended here into a larger symmetry (κ − and κ + ) in a larger phase space by turning second class constraints into first class. Different gauge fixings of these symmetries result in different presentations of these systems while a "unitary" gauge fixing of the new κ + symmetry retrieves the original action with κ − = κ symmetry. For D1 brane our extended phase space makes all constraints into first class in the case of vanishing world sheet electric field (namely (0, 1)
Introduction
An important ingredient in the study of D-branes [1] dynamics is their local fermionic symmetry on the world-volume, the κ symmetry. The history of this symmetry goes back to the superparticle action [2] where it was identified [3] [4] and applied to the superstring [5] .
It was used also in the study of super p-branes [6] in different dimensions. The role of the κ symmetry was further emphasized in the study of the D-branes embedded in flat 10D space-time in [7] [8] . The symmetry is generated by 16 irreducible first class fermionic constraints. These constraints are accompanied by another set of 16 second class fermionic constraints which do not correspond to any local symmetry. The covariant separation of the two types of constraints in the brane action was emphasized in [9] [10] and enabled the covariant quantization of the D0 and D1 brane.
It has been found difficult to quantize covariantly the massless superparticle, as is the situation also with the Green-Schwarz formulation of the superstring [5] since in both systems first and second class constraints cannot be separated in a covariant manner. This is a long lasting problem and many attempts have been made to solve it [11] - [12] . In the massive superparticle action the κ symmetry is explicitly broken. Its first class constraints are replaced now by solvable second class constraints and the system can be quantized covariantly by means of Dirac brackets since all its constraints are second class. Since the massive superparticle can be quantized covariantly, one may be tempted to consider the massless limit of the massive case as a substitute for the covariant quantization of the massless superparticle. However, the Dirac brackets become singular in the p 2 = m 2 → 0 limit. The restoration of the broken κ symmetry of the massive system in an extended phase space [13] [14] by adding extra fermionic degrees of freedom was considered in [15] .
Another possibility to restore the κ symmetry is to include a proper Wess-Zumino term in the action, as is the case with the D0 brane [7] - [10] . This is physically more interesting, but contains in addition to the first class constraints, that correspond to the restored κ symmetry, also second class constraints . When considering the massless limit, one finds the need to avoid these second class constraints since also here the Dirac brackets become singular in the massless limit. The restoration of symmetry with no second class constraints, gives the full advantages of working within a system with local symmetry in particular a covariant wave function can be formulated also in the massless limit [15] .
For this purpose, it is usually useful to turn the second class constraints into first class.
This formulation offers a flexibility to allow various gauge fixings which are physically equivalent. At the same time, the newly introduced first class constraints generate a gauge symmetry which may give more insight into the geometrical structure of the system which is interesting in its own right.
Several other different approaches to this issue share in common the idea of adding extra dynamical degrees of freedom while extending the symmetry of the system in different manners. In the geometrical-superembedding approach, superbrane dynamics is manifestly supersymmetric on the worldvolume as well as in target superspace [16] and the auxiliary commuting spinors superpartners have twistor-like and Lorentz harmonics properties. This approach, which has a wide range of applications in several physical systems, has been developed for super p-branes and D branes as well. Other treatments of second class constraints include extended phase space variables in [17] and, more recently, auxiliary commuting twistor-like spinor variables and tensorial central charge coordinates were used in [18] . Introducing Liouville mode while solving the second class constraints left a final action with only first class constraints in [19] . Other related approaches can be found in [20] - [21] .
In the first part of this paper we suggest a new symmetric system for the D-particle in which the second class constraints are turned into first class in an extended phase space which includes extra fermionic degrees of freedom. We define a system that contains θ α , π α , the original fermionic degrees of freedom of the D0 brane to which extra fermionic degrees of freedom ζ α , ρ α are added ( ζ α , ρ α are Majorana-Weyl spinors while θ α , π α are only Majorana). The new system has, in addition to the original κ = κ − symmetry a new local κ + symmetry. The system can be gauge fixed in many different ways while one of these gauge fixings ("unitary" gauge) retrieves the original D0 brane. The rest of the paper presents, along the same lines, the D1 brane with an extended κ − and κ + local symmetry.
We consider the case of a vanishing electric field in the Born-Infeld-Nambu-Goto action.
Superparticle and D-particle
The N=1 massless superparticle action in d=10 space-time dimensions ([2]- [5] ):
is invariant under the local κ symmetry:
x µ (µ = 0, 1...9) are space-time coordinates and θ + is a Majorana Weyl spinor with positive (or negative) chirality, the spinor κ − has the opposite chirality of θ + and e(τ )
is the "einbein" of local reparametrization symmetry. The 32 × 32 Γ µ matrices (µ = 0, 1, 2.., 9) are built out of the conventional spin(8) matrices 3 and satisfy {Γ µ , Γ ν } = 2η
µν and η
The system has 8 fermionic first class constraints and 8 fermionic second class constraints and thus its phase space has (32 − 2 × 8 − 8) 8 independent fermionic degrees of freedom.
Local κ symmetry is explicitly broken in the N=1 massive superparticle action in d=10 dimensions [15] :
Here, using Eq.(2), one finds δL = 2iem 2θ + κ − = 0. All 16 constraints are second class and its phase space has (32 − 16 =)16 independent fermionic degrees of freedom.
One possible modification by which the local κ − symmetry can be restored is extending its phase space to N=2 while adding an appropriate Wess-Zumino term.
3 Our conventions are:
Here θ = θ + + θ − (θ is a Majorana spinor and θ + and θ − are Majorana-Weyl spinors of opposite chirality) and δθ − and L 2 are to be determined below. From Eq.(4) one finds:
A possible solution of the form:
gives
where
(I is the 16 × 16 identity matrix) Thus, A very appealing point of view on L(τ ) of Eq. (9) is obtained when one starts with the massless superparticle action in d=11 dimensions which is given by ([2]- [5] ):
where xm (m = 0, 1...10) are the space-time coordinates and θ α = θ +α +θ −α (α = 1, 2...32) are the corresponding fermionic coordinates which can be regarded as two Majorana Weyl spinors of opposite chiralities, if viewed as spinors in ten dimensions.
When one of the space directions is compactified [23] to a radius of R = m −1 = Z −1 , the d=11 massless superparticle action results [9] [10] in the D0 brane action.
Where p 10 was set to p 10 = m = Z , Γ1 0 is defined as Γ 11 and µ = 0, 1...9.
The D0 brane action in Eq. (11) is the same action obtained in Eq. (9) and its WessZumino term ZθΓ 11θ establishes the local κ − symmetry, which is the original symmetry of the d=11 massless superparticle action. Thus, instead of 32 second class constraints as in the N=2, d=10 massive superparticle action, the D0 has 16 first class constraints and 16 second class constraints which is the same number of constraints as the massless N=2, d=10 superparticle and here too the 16 first class constraints result in κ − symmetry.
An important difference between the D0 action and the massless superparticle is the fact that in the D0 case the first and second class constraints can be separated in a covariant manner [9] [10], this cannot be done for the massless N=2 d=10 superparticle.
We would like to treat now the D0 system in a more symmetrical manner by turning also its remaining 16 second class constraints into first class. The resulting system will have in addition to the original κ − symmetry also a κ + symmetry generated by the new first class constraints. Among all possible different gauge fixing of the new κ + symmetry, one should also be able to retrieve the original D0 system, by appropriately gauge fixing ("unitary" gauge fixing) the extended symmetric system.
After implementing the κ + extended symmetry into the system, the number of independent degrees of freedom should not change. Thus, one has to extend the phase space of the new, symmetric system by adding extra fermionic degrees of freedom to account for the increase of symmetry. In the following we define and summarize the properties of the κ + , κ − symmetric system. From Eq.(11)(ignoring the boundary term) or from:
one finds the constraints,
whereπ α is the momentum, canonical conjugate of θ α (right handed derivatives are used when taking a derivative with respect toθ α ).
The momentum is:
one finds:
and we have:
(here, I is the 32 × 32 identity matrix)
In the 32 × 32 matrix Γ 0 ( p + ZΓ 11 ), each of its 16 × 16 blocks has a non-zero determinant, and Γ 0 ( p + ZΓ 11 ) has rank 16 . The first and second class constraints can be covariantly separated by defining [9] [10]:
andT 2 =T (
as seen from the following Poisson bracket relations:
where we used:
The generator of κ symmetry and reparametrization is given in terms of the parameters κ − and ǫ p by:
As mentioned above, the D0 brane has a total of 16 independent fermionic degrees of freedom in phase space ( 32 × 2 − (2 × 16 + 16) ) as reflected by the 16 first class and 16
second class fermionic constraints in Eq. (19) .
In an extended phase space where the system is described by extra degrees of freedom, second class constraints can be turned into first class [13] [14] . One denotes the second class constraints Poisson bracket by:
V αβ constructs the BRST operator in the extended symmetric system and ω γδ is used in order to define a linear combination of extra 32 fermionic degrees of freedom in phase space. We have (up to similarity transformations of ω in the symplectic structure of Eq. (22)):
We define the linear combination:
where we used 
One defines now, in the extended phase space, the following constraints, which are first
Thus, the dynamics in the extended phase space are defined by the two opposite chirality sets of constraintsT + ,T ′ − and their Poisson bracket:
Using the extended phase space Poisson brackets in Eq. (20) and Eq.(26) one finds the Poisson brackets of two chiral multiplets of first class constraints :
The total extended phase space hamiltonian is:
The generator of κ − and κ + gauge symmetries and reparametrization is:
and the phase space action is:
The κ − and κ + transformations generated by the generator G in Eq.(32) are given by:
The action in Eq.(33) is invariant under these transformations if supplemented also by:
as well as invariant under reparametrization
In Eq.(33) the bosonic (λ e , λ p ) Lagrange multipliers and the Majorana-Weyl (λ − , λ + )
Lagrange multipliers are associated with the bosonic and fermionic first class constraints An interesting set of constraints is defined by:
These constraints satisfy the following Poisson bracket relations:
We note in the p 2 ≫ Z 2 limit,T The path integral formulation [22] of the system in Eqs.(30-31) with κ − and κ + symmetry which has only first class constraints is given by:
Here, C ± andP ∓ are canonical pairs of bosonic ghosts and P ± andC ∓ are canonical pairs of bosonic anti-ghosts, associated with the fermionic constraints T + and T − . The 
and the gauge fixing Ψ is given by:
The above κ − , κ + symmetric D0 defined in the extended phase space (θ ± , π ∓ , ζ + , ρ − )
is physically equivalent to the ordinary D0 with κ − symmetry of Eq.(11). This, as mentioned, is demonstrated by choosing the "unitary" gauge fixing χ ± in Eq.(36) that sets the extended phase space variablesρ − + iζ + p to zero. On the other hand the above symmetric system accepts many different gauge fixings χ ± giving different presentations of the D0 brane ( for example Eq. (37) ).
D1 brane with κ − and κ + extended symmetry
Following along similar lines we present now the extension of this derivation to the case of a D1 brane. It results in a system with κ − and κ + symmetry which will be discussed below.
The action of the D1 brane consists of the Born-Infeld-Nambu-Goto term and the
where G µν is the supersymmetric induced world-volume metric and F µν is the supersymmetric Born-Infeld field strength:
where θ A α , α = 1, 2, · · · , 32 are two Majorana-Weyl spinors with the same chirality, and τ k are Pauli matrices acting on indices A = 1, 2. The Lagrangian can be rewritten as
The canonical momenta for the world sheet gauge field is given by the electric field
The canonical momentaπ α and p m are defined for θ α and x m respectively
We will suppress the indices A = 1, 2 of θ A α when it is easily recognized. From Eq.(47) one finds the fermionic constraintsΦ
which satisfy the Poisson bracket relations:
In addition to the fermionic constraints in Eq.(50) one finds from Eq.(47) also the bosonic first class constraints :
The constraints in Eq.(50) can be separated covariantly into first class and second class constraints [9] , [10] :
The Poisson bracket [T 1α , T 1β ] vanishes on the constraints hyperplane.
These 16 first class constraints T 1α generate the local κ symmetry of the D1 brane.
On the other hand:
on the constraints hyperplane, we obtain a nonvanishing det[T 2α ,T 2β ] (apart from the case G 11 = 0) implying thatT 2α are 16 second class constraints. The condition G 11 = 0 is essential for separating the first and second class constraints and the covariant quantization of the D1 system. In Ref. [9] it has been emphasized that in the static gauge (where
The implications of this fact on the ground state spectrum and on the relation to the work of Ref. [7] on the type IIB fundamental string have been cleared there. Both Refs. [7] and [9] discuss the properties of the static gauge and elucidate its physics content. Since the static gauge is a natural gauge for D1, we follow this point of view.
We define now a new system in an extended phase space that includes in addition to the 64 fermionic degrees of freedom θ 
which depends on (ζ, ρ) and satisfies the Poisson bracket relation 4 :
In the case of E 1 = 0 the new system has only first class constraints and local symmetries κ 1 and κ 2 generated by T 1α and by T ′ 2α respectively. The symmetric system phase space is given by the coordinates θ The GS string is described by the action [5] 
4 In deriving Eq.(57), the following relations for Majorana λ i have been used
where T is a matrix in the internal space of the Majorana spinors ( such as τ − and T E ). Also:
This can be compared to the b 01 (τ k ) of Eq.(46) which can be written also as:
Thus L 2 = −T b 01 (τ 3 ) compared to −T b 01 (τ 1 ) in the Wess-Zumino term of the D1 brane.
Similarly, using the equation of motion for h αβ one notices that the D1 action in Eq. (43) with E 1 = 0 (namely F µν = 0) is identical to the Green and Schwarz action when τ 3 is replaced by τ 1 [10] . Since we are using the static gauge as a natural gauge for D1 [7] , the massless modes are projected out. This relation between the physics of the type IIB fundamental string and the D1 system in the static gauge has been noted in [9] .
We also note that the electric field E 1 is quantized and represents the number of fundamental string bound to the D1 brane producing (n, m) string [24] , [25] . Therefore we have succeeded to extend the system where all the second class constraints are turned into first class constraints at least for the case of the (0, 1) string, namely the genuine D1 brane without F1 provided the massless modes are projected out by using, for instance, the static gauge.
